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Nonlinear damping of the natural vibrations of a system of order 2n will
be considered.

Linear damping of the natural vibrations of the second order system
itok=38 (1)

is due to the fact that in the presence of the damping term & = ~ 2| hly
one is dealing with the linear equation with damped solutions

¥42[h|x +e=0

The damping of natural vibrations of the system (1) by a nonlinear
damping term & (which does not depend on the quantity y) will be studied.

Let the system (1) with a nonlinear damping term be described by the
equation
itot(l—k)z=0 )

where ¥ = 0 for xy >0, 0< ¥ <1 ftor xY < 0. Then, at the instant
corresponding to ¥y = 0(x = ’max)' the energy of the system (2) has de-
creased to the extreme value 1/2 kza?zzmax and the solution x of the

equation (2) will be damped. n

The time it takes to reduce x to a value not exceeding 0.05 Xnax for

the initial conditions x(0) = 0, ¥ (0) = “”maxis given by the formula

it 1
tgig[(l+7m)m+1]

In this formula, = is the number of cycles leading to the damping and
%nax 18 the absolute value of the maximum of x. The described method of
nonlinear damping will be applied to the damping of the natumal oscilla-
tions of a system of order 2nm without use of generalized velocities.
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Consider the general case of the equations of the natural vibrations
of a system with two degrees of freedom without friction

Buit 4+ Bio¥e + an®: + ai2rs = 0,Bae¥ + Bao¥s + drow) + dggzy = 0 3)

h
vaere an >0, a2 >0, A2 > A12? (4)
Bu>0, B2a >0, BuiBaos > Bia? (3)

The inequalities (4) are the conditions for the system (3) to have
positive potential energy, since the natural vibrations are a motion
about the stable equilibrium position x5 =1, = 0. The kinetic energy
will always be positive as a result of the inequalities (5).

The solution of the system (3) has the form

z1=§+m, z3 = k1§ + ko ()
where

€ = A; cos (01t + ¢1), n = Az co8 (0t 4 @3)
Here Al. 42' ¢1. ¢E are determined by the initial conditions and @, ,
@, by the. equation
an — 08y, Q13 — @3B,

13 — 0*B1a G2y — 3Bz,

the roots of which will be real on the strength of the inequalities (4),
(5). The amplitude coefficients are given by
an— o2fy, 1z — @1*Bye a3 — @3By a2 — waBre (7)

ky = — = = — = —
' a2 — @1’312 ®aa — @12Bgg’ 3 Q13— 02’312 Qg — wa’ﬁn

Let in the equations with the two damping terms 81, 52
BuZ: 4 Bro¥e + anzy + arora =81, Bra¥y + BacXe + dpewy + dooxa = 32 8

the displacements . %, be related to the f,n by the formulas (6), but
let &,n satisfy the equations

E+o?(l—kHE=0O, nFet(l—k)n=0 Q)
where
k2=0 for >0, 0<kg?<1 for EE<O
. . (10)
k,2=0 for 4 >0, 0k, for m <0

Then X+ X, are stepwise continuous and given by

B=Etn=—o(l—k)E—oi(1—k2) 7
(11)
Xz = kl.E. + kz'Ti = —kjo;® (1 — kgz) E—kp? (1 — "-,,2) 7
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Substituting (6), (11) in the equations (8) and using (7), one finds

8y == (Bu + K1B1s) kg% + (Bu -+ kaBrs) 3%k,
33 == (B1s + k1Bs2) “’I"‘E’E 4 (B1s + KaBas) to;’k.n"n

As a result, the solution of the equations (8) will be stable in the
final region (10). Since it follows from (6) that

kg:tl - Ty 3 — k]ﬂ-']
L= =% =Tk (12)
one has
koxy — ~— kyzy

31=(Bu + F1Bus) wr%hy? s — k + (Bur + koPrs) mz”‘n’ .ic_-—_l;

k
83 == (B12 + k1Bas) n1%k;? ';"—1:7‘;“ + (B1a + keBas) g%, ? "“,;__;:1

where kg%, hn depend on the signs of (k,z, — :z)d/dt(k 5 - 1),

(z, ~ klgpd/dt(xz ~ kyx,) respectively. Thus, 8 5, are sectionally
continuous functions of %, %, which do not depend on the magnitude of
the derivatives Xy Xy

Similarly, one may solve the general problem of the damping of the
natural vibrations of a system with n degrees of freedom without friction

D@k b agz) =8  (=1.,n) (13)
P
by the help of n damping terms 81 which do not depend on the magnitudes

of the derivatives Xye eees Xpo Here . B;l are such that the solution
of the equations (13) for 8 = 0 takes the form

T, = Z Alp sp COS (topt -+ zpp) (s=1,...,n)
p=1
The constants 4;,, .... 4;,, ¢, ..., &, are determined by the initial
conditions, @y, ..., @, are the eigenvalues of the system (13) for 81 =
the &;h are determined by the system of equations
n

Zz(aal - “’pzasl) kap = B,lmpz —ay (t=1,...,n—1)
Py

The presence of friction in the system does not disturb the effect of
the nonlinear damping term, whose equations are found by studying the
conservative systems (3), (13). 1f one adds to the systems (8), (13)
negative friction, sufficiently small so that the sclutions of the corres-
ponding equations without damping terms are vibrationally unstable, then
by the strength of the extent of the region of stability (10), the solu-
tions of the equations (8), (13) with damping terms may provide for the
predominance of the damping effect of the nonlinear damping terms over
the oscillations, In other words, it will be required that in the interval
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between two zeros of the function of the time & (or n) the expenditure
of energy of the system (8) at the instant ( £ = 0 or n = 0), includ-
ing the damping terms 81. 82. exceeds the supply of energy due to the
negative friction.

In the equations (8), let 81.= 0, whence 7 satisfies an equation of
the form

@ 4 2a3%, + bxy = ¢33 + d8; @>0, >0, a2>b) (14)

One obtains then from equations (9), (11) the stepwise continuous
function of time

2 = 0 4 9@ = ot (1 — kP E+ it (1 — k) (15)

By (6), (11), (15), and since @ - 2adf + b= 0, one has
fl (ka2) e “)l‘ (kE‘ p— 4"52) J— bkE2 \

CS2 + d82 - fl (kEZ)E+ f’(knz) k (fz (an) = 02‘ (kn‘ - 4k1|2) - bkﬂ2 )

_ 2
Let 82 = ni(kf') £+ nz(kn )n. where n (kf ), n (kn ) are certain
combinations of the numbers kf kn then

By = —n 1 (kg?) @1 (1 — k) £ — na (ky?) @a* (1 — k)

h (kg?) . fa(ky?)
m (k) = —goi— K+ ¢ m (k') = G =k D F ¢

It follows from the equations (6), (11) that f.n may be expressed in
terms of % and Xy
2+ 02 (1 — k) 7y Z1+ o (1 — kg?) 71
= e A—F) —er(I—k) M=o — kD) — e (1 k)

(16)

Here kn depend on
sign[xl-]-mz (1—’( 2) 31] dt [xl—}-wz (1-—-k 2)11]

sign [#1 + o (1 — k) 2] 7,— (21 + 02 (1 — kg?) 7]

respectively. Consequently, the equation for the nonlinear damping term
may be written

n+mfﬂ—k%m n+mlﬂ—ﬁﬂn
32="1(I‘52) Tl —k, 2)‘-'0’12(1—" z) + n. ( ) ol —k 2)-—602"(1——"52)

when the linear damping of the natural vibrations of the system (14)
depends likewise on the magnitude of the derivatives X and Xy -

Instead of the formulas (16) for f.n, one may use the equivalents
(12), when
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b= m (k) TRy (p) B
where hfz, kﬂz depend on the signs of the expressions
(kaxy — @3)d/dt (ksw) — Z3), (23 — kyza)d/dt (24 — ky2y)
respectively.

Similarly, one may solve the problem of nonlinear damping of natural

vibrations of the system (13) with one damping term which does not depend
on the magnitude of x’i(i =1, ..., n).

Translated by J.R.M.R.



